
Todo notes

Entropy and moment details. Differentiating the Dirichlet beta integral gives
E[log Λi] = ψ(αi) − ψ(A), where A =

∑
i αi. Substitution into −E[log fY (Y )]

yields the displayed entropy; its log moments are finite for every αi > 0. The
same beta integral gives E[Λi] = αi/A and Cov(Λi,Λj) = αi1i=j/(A(A + 1)) −
αiαj/(A2(A + 1)). With Y = (Λ1, . . . ,Λd)⊤ and Λ0 = 1 −

∑d
i=1 Λi, we have

XT =
∑

i viΛi = v0 + EdY , giving the stated mean and covariance. The full
barycentric covariance is singular because the coordinates sum to one; the free-
coordinate covariance is positive definite. . . . . . . . . . . . . . . . . . . . . . . 6

Affine product coordinates. The tangent and normal directions are orthogonal,
while the simplex lies in the affine space v0+T . Translate by v0 before representing
the law as a product on T×N . Translation does not change covariance or relative
entropy. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

Uniqueness of the Gaussian minimizer. For fixed Σ ≻ 0, set B = Σ1/2Σ̃−1Σ1/2.
Then log det Σ̃+tr(Σ̃−1Σ) = log det Σ+tr(B)−log detB. If λi are the eigenvalues
of B, the varying part is

∑
i(λi − log λi), uniquely minimized at λi = 1. Thus

B = I and Σ̃ = Σ. The mean term is uniquely minimized at m = mT . Positive
definiteness of Σ follows from positive tangent covariance and positive-definite
normal noise on the orthogonal space. . . . . . . . . . . . . . . . . . . . . . . . 7

Reference measure and Jacobian. H(α♯) is entropy relative to Lebesgue measure
in the first d barycentric coordinates. The affine map to the simplex multiplies
d-dimensional Hausdorff measure by J = d!Vd, so entropy changes by log J . KL is
invariant because both densities transform by the same Jacobian; the log J term
here converts the intrinsic entropy only. . . . . . . . . . . . . . . . . . . . . . . . 7

Determinant calculation. With A = ∥α♯∥1 and a = α♮, the matrix determi-
nant lemma gives det(A diag(a) − aa⊤) = Ad

∏d
i=1 αi

(
1 − a⊤(A diag(a))−1a

)
=

Ad−1∏d
i=0 αi. Dividing by [A2(A+ 1)]d gives det Cov(Y ) =

∏
i αi/[Ad+1(A+ 1)d].

The affine covariance map multiplies this determinant by det(E)2 = (d!Vd)2. . . 7
Uniform-case calculation. With k = d+1 and αi = 1, A = k and Cov(Y ) = (kId −

1d1⊤
d )/(k2(k + 1)). The coordinate simplex has volume 1/d!, hence H(1d+1) =

− log(d!). Substitution into Cd,α gives d
2 log(2πe)+ log(d!)− k

2 log k− d
2 log(k+1),

which is the logarithm displayed below. This records the entropy’s coordinate
measure explicitly. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
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Abstract. We derive a geometry-independent Gaussian approximation for distributions
near embedded simplices, combining arbitrary-parameter Dirichlet distributions with in-
dependent Gaussian noise in orthogonal normal spaces. The optimal ambient Gaussian
matches the mean and covariance, yielding an explicit minimum forward KL divergence
depending only on intrinsic dimension and Dirichlet parameters. For finite mixtures with
shared weights, we prove a global upper bound given by the weighted sum of component-
wise divergences. In the uniform case, this bound depends only on intrinsic dimension,
independently of ambient dimension, simplex geometry, and normal covariances.

1. Introduction

Geometry and probability theory jointly describe physical systems and their chance of
being is specific states, appearing naturally in geometric mechanics, computer graphics, and
stochastic control [1, 2, 3, 4, 5]. Simplicial complexes [6] provide standard representations for
quite general manifolds [6, 7], while Gaussian mixtures can represent probability measures
of enough regularity and are commonly fitted using Expectation-Maximization (EM) [8, 9,
10, 11, 12]. When geometry is known, it can be exploited to arrive at a more efficient and
tighter approximation bounds [13].

For embedded simplices, intrinsic and ambient dimensions differ, requiring full-dimensional
Gaussian approximations to account for both tangential geometry and normal uncertainty.
Related approaches include the Gaussian Mesh Renderer and geometry-aware mixtures for
plane curves [14, 15], with applications in rendering [14], tracking, obstacle modeling, and
trajectory planning [16]. However, rigorous measure theoretic approximation guarantees
remain essential.

Our previous work derived closed-form Gaussian mixtures for uniform distributions on
triangulated full-dimensional domains, with a dimension-dependent KL bound [13]. Here,
we address the complementary lower-dimensional setting: a Dirichlet-distributed measure on
an embedded simplex. We derive the optimal ambient Gaussian and its minimum forward
KL divergence for arbitrary positive Dirichlet parameters, showing independence from the
simplex embedding, geometry, scale, and normal covariance. We further establish a global
KL bound for finite mixtures with shared component weights.
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How to read the result. The construction and the closed-form Gaussian mixture param-
eters require only finite-dimensional linear algebra [17, 18], numerical linear algebra [19, 20],
calculus [21], and basic probability [22]. For analysis and calculus background, see Tao [23,
24]. In particular, one can use the formulas in Theorem 3.1 and Theorem 3.2 without study-
ing measure theory. The proofs use density transformations, product probability laws, and
convexity of relative entropy. Readers who want the measure-theoretic details can consult
Tao [25] or Pollard [26]; the information-geometric interpretation of KL minimization is
developed by Ay et al. [27]. The added normal Gaussian noise makes each distribution
considered in the KL calculations have a density in the ambient space.

2. Ambient degeneracy and normal-noise lifting

Let σd = conv{v0, . . . , vd} ⊂ R
D be a nondegenerate embedded simplex with d < D.

Write
Ed = [v1 − v0, . . . , vd − v0] ∈ R

D×d, Y = (Λ1, . . . ,Λd)⊤,

where Λ ∼ Dirichlet(α♯) for some α♯ ∈ R
d+1
++ and Λ0 = 1 −

∑d
i=1 Λi. Then

XT = VΛ = v0 + EdY.

The free-coordinate covariance CY = Cov(Y ) is positive definite: for every nonzero a ∈
R

d, a⊤CY a = Var(a⊤Y ) > 0, since the Dirichlet density is positive on the interior of the
coordinate simplex and a⊤y is not constant there. Consequently

ΣT := Cov(XT ) = EdCYE
⊤
d

has rank d. Indeed, Ed has full column rank, so rank(EdCYE
⊤
d ) = d. In particular, ΣT

is singular as a D × D ambient covariance when d < D; its nullspace is the normal space
N = range(Ed)⊥.

The Gaussian with mean E[XT ] and covariance ΣT is therefore a degenerate Gaussian
measure supported on the affine hull v0 +T . It has no density with respect to D-dimensional
Lebesgue measure. More strongly, the simplex-supported law PT is singular with respect
to every nondegenerate ambient Gaussian Q: the affine hull has PT -probability one and Q-
probability zero. Hence PT is not absolutely continuous with respect to Q, and DKL(PT :
Q) = +∞. The degenerate Gaussian can instead be considered on the affine hull with its
intrinsic d-dimensional reference measure, but that is a different KL comparison from the
ambient one used here.

To model uncertainty away from the simplex and obtain a full-dimensional ambient density,
add an independent normal Gaussian XN ∈ N with covariance ΣN positive definite on N .
The resulting covariance is

Cov(XT +XN) = ΣT + ΣN ≻ 0.
To see this, decompose any z ∈ R

D uniquely as z = zT + zN with zT ∈ T and zN ∈ N . Then
z⊤(ΣT + ΣN)z = z⊤

T ΣT zT + z⊤
NΣNzN ,

which is positive for every nonzero z, since ΣT is positive definite on T and ΣN is positive
definite on N . The added noise leaves the tangential mean and covariance unchanged while
supplying positive variance in every missing normal direction. It also makes the target law
itself full-dimensional; the subsequent KL bound is for this noise-augmented model, not for
the original simplex-supported singular law.
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3. Component and Mixture Construction

We first fix the geometric and probabilistic notation. Vectors are column vectors, ID

denotes the identity matrix on R
D, and A⊤ denotes the transpose of a matrix A. For a

symmetric positive-definite matrix S, ND(m,S) is the Gaussian distribution on R
D with

mean m and covariance S.

Definition 3.1 (Simplex and barycentric coordinates). Given points v0, . . . , vd ∈ R
D, let

V = [v0, . . . , vd]. Their convex hull is

conv{v0, . . . , vd} = {Vλ : λ ∈ R
d+1
+ , ∥λ∥1 = 1}.

If the d vectors v1−v0, . . . , vd−v0 are linearly independent, this convex hull is a nondegenerate
d-simplex. The coefficients λi are its barycentric coordinates. Its intrinsic dimension is d,
even when it lies in an ambient space RD with D > d.

Definition 3.2 (Triangulation and intrinsic volume). A finite triangulation of a region
or surface is a finite collection of simplices whose union is that set and whose interiors
do not overlap; neighboring simplices may share faces such as edges or vertices. The d-
dimensional volume Vold of a d-simplex is its ordinary length, area, or volume within its
own d-dimensional affine hull. Thus the weight assigned to a simplex in a uniform distribu-
tion over a triangulated object is its d-volume divided by the sum of the d-volumes.

Definition 3.3 (Barycentric subdivision). For each nonempty face F of a simplex, its
barycenter is the average of its vertices. The barycentric subdivision replaces the simplex
by smaller simplices whose vertices are barycenters of a nested sequence of faces. More pre-
cisely, a d-simplex with vertex matrix V = [v0, . . . , vd] is subdivided into one d-simplex for
each ordering i0, . . . , id of 0, . . . , d, with vertices

b{i0}, b{i0,i1}, . . . , b{i0,...,id}, bI := V1I

|I|
.

Here 1I ∈ {0, 1}d+1 is the indicator vector of I. These smaller simplices cover the orig-
inal simplex and have disjoint interiors. Applying this construction to every simplex in a
triangulation gives a finer triangulation and preserves the original geometric domain.

To refine only a selected part of a mesh, one may subdivide the selected simplices and
leave the others unchanged, provided the subdivision agrees on every shared face. In prac-
tice, this means also refining neighboring simplices as needed so that both sides induce the
same subdivision of their common face; otherwise the result may fail to be a triangulation.
Repeating the barycentric subdivision produces progressively finer meshes. The Gaussian-
mixture construction can then be applied to the resulting simplices, using their own vertices
and intrinsic volumes to compute component parameters and weights. This gives a direct
way to allocate more components to selected regions, although the dimension-dependent
bound proved here does not by itself guarantee that local refinement reduces the actual KL
error.

Definition 3.4 (Tangent and normal spaces). For a nondegenerate simplex σ = conv{v0, . . . , vd},
its tangent space is the linear space of directions parallel to its affine hull,

T = span{vi − v0 : i = 1, . . . , d}.
4
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Its normal space is N = T⊥ = {z ∈ R
D : z⊤t = 0 for every t ∈ T}. Every vector in RD has

a unique orthogonal decomposition into a tangent and a normal vector. A covariance on N
describes random displacement perpendicular to the simplex; when represented as a D × D
matrix, it is zero on T .

Definition 3.5 (Dirichlet distribution and uniform simplex sampling). Write α♯ = (α0, . . . , αd)⊤ ∈
R

d+1
++ for the full parameter vector and α♮ = (α1, . . . , αd)⊤ ∈ R

d
++ for the subvector associ-

ated with the d free barycentric coordinates. Let 1d+1 := (1, . . . , 1)⊤ ∈ R
d+1. The Dirichlet

distribution Dirichlet(α♯) is a probability distribution on vectors λ ∈ R
d+1
+ with ∥λ∥1 = 1.

When α♯ = 1d+1, it is uniform over this coordinate simplex. Thus, if Λ ∼ Dirichlet(1d+1),
then XT = VΛ is uniform with respect to d-dimensional volume on σ.

Definition 3.6 (Forward Kullback–Leibler divergence). If probability distributions P and
Q have densities p and q with respect to the same volume measure, their forward Kullback–
Leibler (KL) divergence is the relative entropy of p with respect to q [26, 27]:

DKL(p : q) =
∫
p(x) log

(
p(x)
q(x)

)
dx,

with the convention that it is infinite if q = 0 on a set where p > 0. The order matters:
throughout this paper, p is the target density and q its Gaussian approximation. The diver-
gence is nonnegative and is zero only when the two densities agree (up to sets of volume
zero).

In this paper, an information projection onto Gaussians means a Gaussian density q
that minimizes the forward KL divergence from a specified target density p. This is the
projection of a probability model onto a chosen family of models under an information-
geometric divergence [27]. The mean of a random vector is its expectation; its covariance
is E[(X − EX)(X − EX)⊤]. A Gaussian with the same mean and covariance is called
the moment-matched Gaussian. We prove that it is the information projection for each
component considered here.

For a reader who only wants to construct the approximation, the procedure is direct: for
each simplex and its Dirichlet parameters, use the weighted vertex mean and covariance
formulas below; add the chosen normal covariance; and retain the target component weight.
For a uniform distribution over a triangulated surface or curve, set all Dirichlet parameters
to one and choose weights proportional to the simplices’ intrinsic volumes. No isomorphism
or algebraic-topology background is needed.

Definition 3.7 (Dirichlet–Gaussian Distribution on an Embedded Simplex). Let σd =
conv{v0, . . . , vd} ⊂ R

D be a nondegenerate simplex with d < D. Its tangent and normal
spaces are

T = span{vi − v0}d
i=1, N = T⊥.

Let Λ = (Λ0, . . . ,Λd) ∼ Dirichlet(α♯) for α♯ ∈ R
d+1
++ , and define the simplex-valued random

variable
XT = VΛ ∈ σd ⊂ v0 + T.

Independently, let XN ∼ NN(0,ΣN) take values in N , with ΣN positive definite on N ; NN

denotes an ordinary Gaussian in orthonormal coordinates on N . The Dirichlet–Gaussian
random variable is X = XT +XN .
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Write GD for the family of Gaussian densities on R
D with positive-definite covariance

matrices. A Gaussian mixture is a finite weighted sum of Gaussian densities, where the
nonnegative weights sum to one; probabilistically, it represents selecting a component at
random according to those weights and then drawing from that component.

Theorem 3.1 (Gaussian information projection for arbitrary Dirichlet parameters). Let p
be the density of X = XT +XN from a nondegenerate d-simplex σd = conv{v0, . . . , vd} ⊂ R

D,
d < D, with parameter vector α♯ = (α0, . . . , αd)⊤ ∈ R

d+1
++ and independent XN ∼ NN(0,ΣN),

where ΣN ≻ 0 on N . Write α♮ = (α1, . . . , αd)⊤ and let Ed = [v1 − v0, . . . , vd − v0] ∈ R
D×d.

The unique minimizer over nondegenerate Gaussian densities q ∈ GD of DKL(p : q) is the
density q∗ of the Gaussian

ND(mT ,ΣT + ΣN),
where

mT = E[XT ] = v0 + Ed
α♮

∥α♯∥1
, ΣT = Cov(XT ) = Ed

∥α♯∥1 diag(α♮) − α♮α
⊤
♮

∥α♯∥2
1(∥α♯∥1 + 1)

E⊤
d .

Here ΣT vanishes on N , and ΣN is extended by zero on T . The minimum divergence is

Cd,α♯
:= d

2
log(2πe) + 1

2

(
log

d∏
i=0

αi − (d+ 1) log ∥α♯∥1 − d log(∥α♯∥1 + 1)

)
−H(α♯),

where H(α♯) is the differential entropy of the Dirichlet density expressed in the first d barycen-
tric coordinates (the last coordinate is one minus their sum):

H(α♯) = log

(∏d
i=0 Γ(αi)

Γ(∥α♯∥1)

)
+ (∥α♯∥1 − d− 1)ψ(∥α♯∥1) − (α♯ − 1d+1)⊤ψ(α♯),

where ψ acts componentwise on vectors. Here Γ is the gamma function and ψ(x) = d
dx

log Γ(x)
is the digamma function; the Dirichlet entropy formula is standard [28]. The constant Cd,α♯

is independent of the embedding dimension, simplex geometry, and normal covariance.

Proof.
Entropy and moment details. Differentiating the Dirichlet beta integral gives
E[log Λi] = ψ(αi) − ψ(A), where A =

∑
i αi. Substitution into −E[log fY (Y )] yields

the displayed entropy; its log moments are finite for every αi > 0. The same beta inte-
gral gives E[Λi] = αi/A and Cov(Λi,Λj) = αi1i=j/(A(A + 1)) − αiαj/(A2(A + 1)). With
Y = (Λ1, . . . ,Λd)⊤ and Λ0 = 1 −

∑d
i=1 Λi, we have XT =

∑
i viΛi = v0 + EdY , giving

the stated mean and covariance. The full barycentric covariance is singular because the
coordinates sum to one; the free-coordinate covariance is positive definite.
Affine product coordinates. The tangent and normal directions are orthogonal, while
the simplex lies in the affine space v0 + T . Translate by v0 before representing the law as
a product on T ×N . Translation does not change covariance or relative entropy.

Use orthonormal coordinates for the affine decomposition into the tangent and normal
spaces. In these coordinates, P = PT ⊗ PN , where PT is the affine image of the stated
Dirichlet distribution and PN = NN(0,ΣN). The mean and covariance of P are mT and

6

Version: 0.46 (0 := Initial Idea, 1.0 := Preprint-Ready), Date: November 4, 2026



DRAFT

Σ = ΣT + ΣN , which is positive definite on RD. For a candidate Gaussian ND(m, Σ̃), the
KL divergence is −h(P ) plus

D

2
log(2π) + 1

2
log det Σ̃ + 1

2
tr(Σ̃−1Σ) + 1

2
(mT −m)⊤Σ̃−1(mT −m).

This expression is uniquely minimized at m = mT and Σ̃ = Σ, proving the stated information
projection.
Uniqueness of the Gaussian minimizer. For fixed Σ ≻ 0, set B = Σ1/2Σ̃−1Σ1/2.
Then log det Σ̃ + tr(Σ̃−1Σ) = log det Σ + tr(B) − log detB. If λi are the eigenvalues
of B, the varying part is

∑
i(λi − log λi), uniquely minimized at λi = 1. Thus B = I

and Σ̃ = Σ. The mean term is uniquely minimized at m = mT . Positive definiteness
of Σ follows from positive tangent covariance and positive-definite normal noise on the
orthogonal space.

In the orthogonal coordinates, both P and Q∗ share the same normal factor PN . Invariance
of relative entropy under the coordinate isometry and its additivity for product measures
therefore give [26]:

DKL(p : q∗) = DKL(pT : q∗
T ),

where Q∗
T is the intrinsic Gaussian on the affine hull with mean mT and covariance ΣT |T .

Let Vd be the d-volume of the simplex. The affine map from the coordinate simplex to
this simplex has volume factor d!Vd, so the differential entropy of XT is H(α♯) + log(d!Vd).
Moment matching implies

DKL(pT : q∗
T ) = d

2
log(2πe) + 1

2
log det

T
(ΣT ) −H(α♯) − log(d!Vd).

Reference measure and Jacobian. H(α♯) is entropy relative to Lebesgue mea-
sure in the first d barycentric coordinates. The affine map to the simplex multiplies d-
dimensional Hausdorff measure by J = d!Vd, so entropy changes by log J . KL is invari-
ant because both densities transform by the same Jacobian; the log J term here converts
the intrinsic entropy only.

Let E ∈ R
d×d be the edge matrix of the simplex in an orthonormal basis of T , and let

Σλ be the covariance matrix of the first d barycentric coordinates. The affine map gives
detT (ΣT ) = det(E)2 det(Σλ). The Dirichlet covariance formula yields

det(Σλ) =
∏d

i=0 αi

∥α♯∥d+1
1 (∥α♯∥1 + 1)d

, det
T

(ΣT ) = (d!Vd)2
∏d

i=0 αi

∥α♯∥d+1
1 (∥α♯∥1 + 1)d

.

Determinant calculation. With A = ∥α♯∥1 and a = α♮, the matrix determinant
lemma gives det(A diag(a) − aa⊤) = Ad

∏d
i=1 αi

(
1 − a⊤(A diag(a))−1a

)
= Ad−1∏d

i=0 αi.
Dividing by [A2(A + 1)]d gives det Cov(Y ) =

∏
i αi/[Ad+1(A + 1)d]. The affine covariance

map multiplies this determinant by det(E)2 = (d!Vd)2.

Substitution gives Cd,α♯
. The dependence on Vd cancels, and the normal covariance has

already canceled through the common normal factor. �
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Uniform-case calculation. With k = d + 1 and αi = 1, A = k and Cov(Y ) = (kId −
1d1⊤

d )/(k2(k + 1)). The coordinate simplex has volume 1/d!, hence H(1d+1) = − log(d!).
Substitution into Cd,α gives d

2 log(2πe) + log(d!) − k
2 log k − d

2 log(k + 1), which is the
logarithm displayed below. This records the entropy’s coordinate measure explicitly.

Corollary 3.1 (Uniform distribution on a simplex). Under the assumptions of Theorem 3.1,
if α♯ = 1d+1, then XT is uniform on the simplex. With 1d = (1, . . . , 1)⊤ ∈ R

d, its mean and
covariance are

mT = v0 + Ed
1d

d+ 1
, ΣT = Ed

(d+ 1)Id − 1d1⊤
d

(d+ 1)2(d+ 2)
E⊤

d .

The minimum divergence becomes

Cd = Cd,1d+1 = log
(

(2πe)d/2d!
(d+ 1)(d+1)/2(d+ 2)d/2

)
,

which depends only on d.

Theorem 3.2 (Gaussian-mixture bound for arbitrary Dirichlet parameters). Let {σdj

j }M
j=1 be

a finite family of nondegenerate simplices embedded in RD, with dj < D. For component j,
let Vj = [vj,0, . . . , vj,dj

], Ej = [vj,1 −vj,0, . . . , vj,dj
−vj,0], and α♯,j = (αj,0, . . . , αj,dj

)⊤ ∈ R
dj+1
++ ;

set α♮,j = (αj,1, . . . , αj,dj
)⊤. Let Λj ∼ Dirichlet(α♯,j) and XT,j = VjΛj. Independently, let

XN,j ∼ NNj
(0,ΣN,j), and write pj for the density of Xj = XT,j +XN,j. Define

mT,j = E[XT,j] = vj,0+Ej
α♮,j

∥α♯,j∥1
, ΣT,j = Cov(XT,j) = Ej

∥α♯,j∥1 diag(α♮,j) − α♮,jα
⊤
♮,j

∥α♯,j∥2
1(∥α♯,j∥1 + 1)

E⊤
j ,

where ΣT,j vanishes on Nj. Let w = (w1, . . . , wM)⊤ ∈ R
M
++ with ∥w∥1 = 1. Define

p(x) = (p1(x), . . . , pM(x))⊤ and let qj be the Gaussian density with mean mT,j and co-
variance ΣT,j + ΣN,j, where ΣN,j is extended by zero on Tj; set q(x) = (q1(x), . . . , qM(x))⊤

and c = (Cd1,α♯,1 , . . . , CdM ,α♯,M
)⊤. Let

p(x) = w⊤p(x), q(x) = w⊤q(x).

Then q is a Gaussian mixture and

DKL(p : q) ≤ w⊤c.

If all components have common dimension d and uniform parameter vectors α♯,j = 1d+1,
this reduces to DKL(p : q) ≤ Cd. For a uniform distribution over a same-dimensional
triangulation whose simplex interiors are disjoint up to d-dimensional measure zero, the
weights are proportional to the component d-volumes.

Proof. The underlying log-sum inequality is given, for example, in Cover and Thomas, Sec-
tion 2.7, Theorem 2.7.1, p. 31 [29]. For each x, apply the log-sum inequality to aj = wjpj(x)
and bj = wjqj(x):(∑

j

wjpj(x)

)
log
∑

j wjpj(x)∑
j wjqj(x)

≤
∑

j

wjpj(x) log wjpj(x)
wjqj(x)

=
∑

j

wjpj(x) log pj(x)
qj(x)

.
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Integrating and using
∫
pj(x) dx = 1 gives

DKL(p : q) ≤
∑

j

wjDKL(pj : qj) ≤
∑

j

wjCdj ,α♯,j
= w⊤c,

where the second inequality is Theorem 3.1 and wj ≥ 0. The shared weights are essential for
this weighted-average form: with target weights wj and approximation weights vj, the same
argument contributes the additional label divergence DKL(w : v). Equality in the log-sum
step holds exactly when pj(x)/qj(x) is independent of j among positive-weight components,
for almost every x (with standard zero-density conventions). �

Remark 3.1. For components of different intrinsic dimensions, the bound is the weighted
inner product w⊤c, with each Cdj ,α♯,j

computed at that component’s dimension and parameter
vector.

Example 3.1 (A mixture with different intrinsic dimensions). In ambient dimension D = 3,
consider a mixture with weight 0.7 on an embedded line segment and weight 0.3 on an embed-
ded triangle. Each component is perturbed by an independent Gaussian with positive-definite
covariance on its own normal space. The componentwise Gaussian projections therefore de-
fine a two-component Gaussian mixture with the same weights. By the different-dimension
bound,

DKL(p : q) ≤ 0.7C1 + 0.3C2 ≈ 0.2726 nats,
regardless of the segment and triangle locations, shapes, orientations, or normal covariances.
This is a certified upper bound; the exact mixture divergence may be smaller because the
component densities can overlap.

4. Conclusion

We developed a geometry-derived Gaussian mixture model for finite collections of embed-
ded simplices. Each component represents a Dirichlet-distributed point on a simplex, with
arbitrary positive parameter vector α♯, combined with independent Gaussian uncertainty
in its normal space. The componentwise information projection is the ambient Gaussian
matching the first two moments, and its forward KL divergence is the explicit constant
Cd,α♯

, depending only on intrinsic dimension and the Dirichlet parameter vector. For uni-
form points, α♯ = 1d+1 and this reduces to Cd.

Using joint convexity of relative entropy, we proved that the Gaussian mixture formed
from these component projections has forward KL divergence at most w⊤c, with w and c
as in Theorem 3.2. When every component is uniform and has common dimension d, this
gives the bound Cd, even when component locations, shapes, normal spaces, and normal co-
variances differ. For uniform distributions over triangulations, volume-proportional weights
give the corresponding geometric mixture. The bound concerns the mixture before any com-
ponent reduction; it does not guarantee that compression or propagation through controlled
dynamics preserves the same error.

The results cover arbitrary Dirichlet parameters and finite mixtures of simplex compo-
nents. Extensions to adaptive triangulations, mixture reduction, and error propagation
under stochastic dynamics are natural next steps. These would connect the present static
approximation guarantee more directly to tracking and stochastic-control pipelines.
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