A GAUSSIAN MIXTURE REPRESENTATION OF PLANE CURVES
ALI DARIJANI, BENEDIKT STRATMANN, AND JURGEN BEYERER

ABSTRACT. We introduce a user defined probabilistic polygonal representation for plane
curves. Given a curve, we select vertices on the curve and connect consecutive vertices by
line segments to obtain a polygonal approximation. Each segment is equipped with a user
defined uncertainty parameter (standard deviation) in the normal direction. This yields a
collection of thin probabilistic geometric primitives that retain the local tangent, normal, arc
length of the underlying plane curve while extending it beyond the idealized deterministic
one dimensional formulation.

For each segment, we define a random variable that is uniform distributed in the tangent
direction of the segment and Gaussian distributed in the normal direction of the segment.
By matching the first and the second central moments, this construction induces a Gaussian
component whose mean lies at the segment midpoint and whose covariance encodes both
tangential and normal uncertainty. Combining the segment wise components with appro-
priate weights yields a Gaussian Mizture Model (GMM) representation of the user defined
probabilistic polygonal representation of the plane curve.

The proposed framework provides an analytically tractable probabilistic model that pre-
serves local position, orientation, length scale, and uncertainty in the normal direction.
It applies to smooth, closed, open, non regular, and self intersecting plane curves, allows
adaptive discretization and varying uncertainty in the normal direction, and as a result sup-
ports uncertainty aware geometric modeling. Experiments on a collection of canonical plane
curves show that the resulting GMMs capture local tangent, local normal, and local arc
length; resulting in the global shape of the underlying curves to be truthfully captured as
well. The representation is particularly relevant for applications in uncertainty aware CAD
and digital twins, probabilistic obstacle modeling in robotics, and probabilistic trajectory
planning.

1. INTRODUCTION

Plane curves while the simplest geometric objects in modern geometry [1] are fundamental
in a wide range of applications, including computer vision [2], robotics [3],measurement sys-
tems [4, [5], shape analysis [6], motion and path planning [7], and computer aided design [8],
9]. In many such settings, plane curves are used to describe object boundaries, feature con-
tours, nominal paths, or measurement systems calibration curves. Classical representations
such as parameterized form, polygonal approximation [10], polynomials, and spline [9, 8] are
well suited for describing plane curves and for supporting numerical computation. However,
they are typically deterministic: they specify where a curve lies, but do not directly encode
uncertainty normal to the curve.
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At the same time, probabilistic representations play a central role in estimation, infer-
ence, and uncertainty aware modeling. Gaussian Mixtures provide a flexible and analyti-
cally tractable class of parametric probability density functions for representing uncertainty.
Without knowing anything about the problem Gaussian Mixtures are usually fitted to point
samples (data) and therefore do not, by themselves, use the prior knowledge which here is
the curve structure in the fitting process. As a result, there remains a gap between determin-
istic curve representations, which retain geometric meaning, and probabilistic models, which
support uncertainty aware modeling that involves inducing uncertainty to the deterministic
curve.

In this work, we propose a structured way to bridge this gap for a special case. Starting
from a plane curve, we select vertices on the curve and connect consecutive vertices by line
segments to obtain a polygonal representation of the curve. In contrast to a purely deter-
ministic polygonal chain, each segment is assigned a uncertainty parameter in the normal
direction of the segment that models uncertainty, or tolerance. This yields a user defined
probabilistic polygonal representation of the curve: a collection of thin geometric primi-
tives that preserve local position and orientation while also carrying an explicit notion of
uncertainty in the tangent and in the normal direction of the segment.

For each segment, we define a random variable that distributes the probability measure
uniformly along the segment tangent direction and normally in the segment normal direc-
tion. This construction leads, through exact first and second central moment calculations,
to Gaussian Probability Density Function (PDF) whose mean lies at the segment midpoint
and whose covariance captures both tangential uncertainty and normal uncertainty. By
mixing these Gaussian components appropriate weights, we obtain a Gaussian Mixture rep-
resentation of the entire curve. The resulting model is directly derived from user defined
probabilistic polygonal representation parameters rather than obtained by iterative fitting
to sampled point sets.

The proposed construction preserves local and global shape in a probabilistic and analyt-
ically tractable form. In particular, it holds segment position, segment tangent and normal
direction, segment arc length scale, and uncertainty in the normal direction of the segment
through the Gaussian Mixture representation. The construction applies to smooth, closed,
open, non regular, periodic, and self intersecting rectifiable plane curves, requires only the
evaluation of curve points at partition nodes, and naturally supports adaptive discretization
and varying uncertainty in the normal direction of the segments. In this way, deterministic
plane curves get first transformed into a user defined probabilistic polygonal representation
and then transformed into a Gaussian Mixture.

This representation is relevant in several application domains. In uncertainty aware CAD
and digital twins, user defined uncertainty in the normal direction of the segment can rep-
resent manufacturing tolerances or wear. In robotics and autonomous systems, probabilistic
polygonal approximation of curves provide representation of boundaries of obstacle contours
with safety margins or sensor uncertainty. In trajectory modeling and statistical shape anal-
ysis, the induced Gaussian Mixtures furnish compact priors that preserve nominal geometry
while allowing controlled uncertainty normal to the boundary of the object.

Our main contributions are as follows:



e We introduce a user defined probabilistic polygonal representation of plane curves in
which each polygonal segment is equipped with a uncertainty in the normal direction
of the segment.

e We replace the probability density function of the user defined probabilistic segment
with a Gaussian and derive closed form expressions for the mean and covariance
matrix of the Gaussian in terms of the user defined probabilistic segment parameters.

e We construct a Gaussian Mixture representation of the user defined probabilistic
polygonal representation of the curve whose components parameters are derived again
in closed form.

o We demonstrate that the framework applies to a broad range of canonical plane curves
and can capture their local and the global shape, including smooth, closed, open, non
regular, singular, and self intersecting ones, and supports adaptive discretization as
well as varying uncertainty in the normal direction of the segments.

The remainder of the paper is organized as follows. In Section [3| we formally introduce
the user defined probabilistic polygonal representation of a plane curve. We then derive
the per segment Gaussian probability density function and the induced Gaussian Mixture
construction. Finally in Section {4| we illustrate the framework on representative examples
and discuss modeling choices, limitations, and possible extensions.

1.1. Technical Applications. Beyond its theoretical interest, the proposed construction
admits several concrete application scenarios. In computer aided design and digital twin-
ning, edges and intersection curves of CAD models can be mapped deterministically to
Gaussian Mixtures, yielding a differentiable “Gaussian splat” representation of ideal geome-
try. User defined uncertainty are encoded directly in the uncertainty parameters 7;, enabling
uncertainty aware rendering, tolerance analysis, and geometric reasoning in a form that is
compatible with recent Gaussian splatting based scene representations [11].

In robotics and autonomous driving, free space and obstacle boundaries extracted from
LiDAR or range data are typically modeled via occupancy grids or distance fields [12]. Our
framework offers an alternative boundary centric view: local obstacle contours are repre-
sented as probabilistic tubular neighborhoods around user defined probabilistic polygonal
representation of curves, where sensor noise, safety margins, or learned epistemic uncer-
tainty are encoded intrinsically through 7;. This connects naturally to recent work that uses
Gaussian Mixtures as compact, expressive occupancy models [13, [14], but differs in that the
mixture components are obtained in closed form from geometric primitives rather than via
iterative fitting. More broadly, the construction provides a generic way to endow determin-
istic plane curves with a tunable transverse uncertainty field while retaining an analytically
tractable Gaussian Mixture structure suitable for inference, optimization, and control.

2. RELATED WORK

We focus here on work related to constructing Gaussian mixture representations of plane
curves under uncertainty. Although some existing methods are not formulated directly for
parametrized curves, they can often be applied after first converting the curve into a point
cloud by sampling its parameter domain. In this way, a parametrized curve can be reduced to
a finite collection of points, after which point cloud based Gaussian Mixture methods such

as [15], [16], and related approaches become applicable. These methods typically assume
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noisy point data and construct a Gaussian Mixture representation using EM or its suitable
modifications.

A related but more geometry aware approach is presented in [17], where the underlying
manifold is given as a triangular mesh. There, the Gaussian Mixture construction is informed
by the mesh structure, and the EM procedure is modified accordingly. In this sense, the
method combines data driven fitting with an explicit geometric representation of the surface.

3. PROBLEM FORMULATION AND THE GAUSSIAN MIXTURE CONSTRUCTION

For the convenience of the reader, we begin by explicitly stating several standard notions
from differential geometry of curves in order to keep the presentation self contained. Readers
already familiar with this material may wish to proceed more quickly through the following
definitions and remarks and focus on the user defined probabilistic polygonal representation
and the Gaussian Mixture construction that it induces.

Definition 3.1 (Parameter Interval). A parameter interval is a compact interval

(3.1) I =]a,b] CR, a,b e RANa<b.

Definition 3.2 (Plane Curve). Let I C R be a parameter interval. A plane curve is a map
(3.2) a:l — R

Remark 3.3. Our goal is to introduce a user defined probabilistic polygonal representation
of the curve a that preserves the local and the global shape while also allowing for uncertainty
in the normal direction of the curve.

Definition 3.4 (Partition and Induced Polygonal Approximation). Let I C R be a parameter
interval and let o : I — R? be a plane curve. A partition of I is a finite ordered set

(33) to <t1 <---<tpn, tiEI,
such that

N
(3.4) I=Jltios, ta).

i=1

The corresponding vertices on the curve are defined by

(3.5) v; = a(t;), i=0,...,N,
and the induced polygonal segments are

(3.6) S; = (vi_1,vy), i=1,...,N.

Definition 3.5 (Uncertainty Parameter in the Normal Direction). For each user defined
segment S;, an uncertainty parameter in the normal direction of the segment is a scalar

(3.7) >0, i=1,...,N.

Remark 3.6. The parameters t; distinguish the user defined probabilistic polygonal repre-
sentation from a purely deterministic polygonal approximation by assigning uncertainty in

the normal direction of each and every one of the segments.
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Definition 3.7 (User Defined Probabilistic Polygonal Representation of a Plane Curve). Let
a: I — R? be a rectifiable plane curve, together with a partition induced segments {S;}¥,
and associated uncertainty in the normal direction of the segment parameters {r;}.,. The
collection

(3.8) P ={(Sim)}is
is called a user defined probabilistic polygonal representation of c.

Remark 3.8. Fach pair (S;, ;) is interpreted as a realization of a random variable that is
distributed uniformly along the tangent direction of the segment and Gaussian distributed
along the normal direction of the segment with the standard deviation ;.

Definition 3.9 (Per Segment Random Variable). For a segment S; = (v;_1,v;), define

(3.9) Go=ly —vis|, = % (¢, > 0),
and let
0 -1
For r; > 0, the random variable associated with S; is
(3.11) Xi = v + LUei + 1iZing,
where

Proposition 3.10 (Expectation and Variance of a User Defined Probabilistic Segment). Let
X; be defined as above. Then its expectation is

(3.13) E(X;) = %

and its Variance is

(3.14) V(X;) = %eie;r + TiQniniT.

Proof. By independence of U; and Z;, and using

(3.15) BU) =3 VW)= EZ)=0  V(Z)=1

we obtain

(316)  E(X) = iy + E(U) (0 — vic) + TE(Z) mi = vics + 5(0i — i) = “L LY
Moreover,

(3.17) V(X;) = V(Ud;) + V(r;.Zin),

since the two terms are independent. Therefore,

1
(318) V(UZ(UZ — Ui—l)) = V(UJ (Ui — Ui—1)<vi — ’Uz'_l)T = E(UZ — vi—l)(vi — ’Ui_l)—r,
and
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Hence,

3.20 V(X;) = idid-T + 72n;n, .
( 12 (3 1 1
If Ez > 0, the 1dent1ty dZ = Eiei y1€1dS

02
(3.21) V(X;) = ﬁeiej + 72nn; .

O

Remark 3.11 (Choice of Gaussian Mixture Weights). If probability measure is assumed to
be uniformly distributed along each segment S;, then the mass assigned to S; is proportional
to its length €;. Therefore, the natural choice of mizture weights is

N
Zj:l t j=1

Definition 3.12 (Gaussian Mixture induced by a User Defined Probabilistic Polygonal

Representation of a Plane Curve). Let P = {(S;,7:)}, be a probabilistic polygonal repre-

sentation of a rectifiable plane curve oo : I — R%. The associated Gaussian Mizture is by

construction:

N
(3.23) G(zlg) = mN (zlm;, %),
=1
where
(3.24) mp= ST s = dd] ], mo= =
Zj:l gj

Remark 3.13. This construction associates to each user defined probabilistic polygonal seg-
ment S; = (v;i_1,v;) a Gaussian component whose parameters are determined by moment
matching of the corresponding probability density function. In particular, the mean m; is the
barycenter of the segment, namely its midpoint, and the covariance matrix 3; decomposes
into a tangential part and a normal part. The tangential contribution is €2 /12e;e] , therefore
encoding the central second moment of a uniform distribution on a line. The normal contri-
bution is given by T2n;n. , encoding the user defined uncertainty in the normal direction of
the segment. Consequently, the eigen vectors of ¥; are aligned with the local tangent and the
local normal of the user defined segment.

Remark 3.14. The parameter interval I is arbitrary, so the construction does not depend
on a particular choice such as I =1[0,1] or the parameterized by arc length form.

Remark 3.15. The curve a need not be reqular everywhere. The user defined probabilistic
polygonal representation of a curve only requires the evaluation of vertices «(t;) at partition
nodes. Therefore, the construction remains meaningful for curves with singularities, loops,
periodicity, and self intersections, provided the chosen partition is appropriate.

Remark 3.16. The user defined uncertainty in the normal direction of the segment 7;s are
allowed to depend on the segment index ©. Thus, T; should be understood as a local parameter
associated with the i-th polygonal segment. This gives flexibility to the use according to the

context.
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Remark 3.17. The mizture weights w; may be specified in a manner depending on the prob-
lem under consideration. A canonical choice is to take w; proportional to the arc length of
the i-th segment, which yields a representation consistent with the geometric mass of the
polygonal approximation. However, in other settings, other choices of m; may be more ap-
propriate, depending on the intended interpretation of the Gaussian Mizture and the relative
importance assigned to different segments.

Remark 3.18 (Zero Uncertainty in the Normal Direction). If 7, = 0, then

i
(3.25) % = 15 el

so the covariance matriz has rank one and is therefore singular. Geometrically, this corre-
sponds to a user defined probabilistic segment with uncertainty only in the tangent direction
of the segment and no uncertainty in the normal direction of the segment, which is consistent
with the intrinsically one dimensional nature of the underlying curve segment. However, the
associated Gaussian probability density function is then degenerate and cannot be interpreted
as an ordinary nonsingular probability density function on R%.  Consequently, numerical
procedures that require covariance matriz inversion, factorization, or pointwise probability
density function evaluation may become ill-posed or unstable. In such cases, one may ei-
ther reqularize the covariance matriz, for example by Tikhonov reqularization, or adopt a
distributional interpretation supported on the segment itself. A systematic treatment of this
degenerate case is beyond the scope of the present paper.

Remark 3.19 (Adaptive Discretization). The construction naturally permits nonuniform
segment lengths and segment dependent uncertainty parameters ;. This allows the discretiza-
tion to be refined locally in regions where the curve’s first derivative or curvature is high, or
near singularities, self intersections, while using coarser segments in other regions. In this
way, both the polygonal approximation and the associated Gaussian Mixture can be adapted
to the capture the local and the global feature more faithfully.

At the same time monitoring the first derivative and the curvature and making the par-
titions finer means increasing the computational cost. Designing principled discretization
strategies that balance these competing objectives is beyond the scope of the present paper.

4. EXAMPLES AND DISCUSSION

In this section we discuss how this representation behaves on canonical curves, and how
it can be interpreted in application settings.

4.1. Nlustrative Canonical Curves. The examples collected in Section [A| (circle, ellipse,
parabola, logarithmic spiral, cusp curve, cycloid, astroid, cardioid, lemniscate, rose curves,
and various polygonal shapes) demonstrate that the construction applies uniformly across
several overlapping cases:

e Smooth regular curves (circle, ellipse, parabola, measurement curve, mirrored S-
curve, logarithmic spiral): the the means m; form a standard polygonal approxima-
tion of o, and the covariance matrices rotate smoothly, with the dominant eigenvector
following the tangent. As the maximal segment length max; ¢; decreases, the resulting

density concentrates in a thin tubular neighborhood around the curve.
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Basic Gallery: Fundamental Curve Types
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FIGURE 1. Simple gallery of fundamental curve types (line segment, circle,
ellipse, parabola, a bijective function, a mirrored tanh-based curve, cardioid,
superellipse, and a square). For each curve, we show only the final Gaussian
Mixture probability density function heatmap. Per curve visual convergence
and split views are provided in Appendix [A]

e Curves with finite number of singularities (semicubical cusp, astroid, cardioid) that
away from singular points the behavior is as above. Near cusps, the tangent direction
is ill-defined at the limit, and the local mixture of neighboring components naturally
reflects this ambiguity. No special treatment is required in the construction beyond
ensuring that the partition includes the singular points as vertices.

e Self intersecting and disconnected curves (lemniscate, rose curves, disconnected semi-
circles, Yin—Yang-type curves) that the model does not assume global injectivity of
the parametrization. Different branches or disconnected components correspond sim-
ply to disjoint groups of segments. At self-intersections, the local density is a super-
position of Gaussian components associated with distinct branches, each carrying its
own tangent and normal directions.

These examples illustrate that the representation remains meaningful for regular, non regu-
lar, self intersecting, and topologically disconnected curves, as long as the underlying parti-
tion is chosen appropriately.

Figure (1| shows a simple gallery of fundamental curves, while Figure [2| illustrates more

intricate examples. Detailed convergence behavior and split views for each curve are collected
in Appendix [A]

4.2. Application Oriented Interpretations.
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Complex Gallery: Intricate Curve Types

06 10 Rose (k=5)

Lissajous 5 i
J 0.5 Lemniscate 8

2 0.5
0.4 3
ey
== = 00 = =
~— LB = =
0.3 6
0.5 4
3 02 4
~10 05 00 0.5 L0
—4 —2 0 2 4
2
0.1 2
0.0 0 0
Cusp
0.5
0.4
03 _
8
By

175
1.6
1.0 150 Logarithmic Spiral
: ; 14
0.5 12.5 / \ 12
/ED L0
100 — PN
0.0 & 2
-1 Y
0.8
75
o5 0.6
5.0 :
0.4
1o -2 0 2 4
2.5
02
0.0 0.0
0.0 0.5 1.0
35
Astroid
8
3.0
Cycloid 25
i 6
. 2
2.0
= EY
4 15
- 0
0 2 4 6
1.0
2
0.5
0

—-1.0 —0.5 0.0 0.5 1.0

—-1.0 —0.5 0.0 0.5

0.0 0

FIGURE 2. Complex gallery of intricate curve types (Lissajous, lemniscate,
rose curve with 5 petals, Yin-Yang curve, downward logarithmic spiral, down-
ward Archimedean spiral, astroid, cycloid, and the semicubical cusp). For each
curve, we show only the final Gaussian Mixture probability density function
heatmap. Per curve visual convergence and split views are provided in Ap-

pendix [A]

4.2.1. Uncertainty Aware CAD and Digital Twins. Edges and feature curves extracted from
CAD models can be mapped deterministically to Gaussian Mixtures, yielding a continuous

probabilistic representation of nominal geometry. The curve a encodes the ideal design, while
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the thickness parameters 7; encode manufacturing tolerances, wear, or modeling uncertainty
along different parts of the boundary. The resulting Gaussian components can be interpreted
as anisotropic “splat” primitives attached to edges, providing an analytically tractable al-
ternative to mesh based or voxel based uncertainty models and aligning conceptually with
recent Gaussian splatting representations in graphics and vision [11]. In this setting, manu-
ally prescribed thickness fields allow engineers to encode tolerance classes directly into the
probabilistic geometry.

4.2.2. Probabilistic Obstacle Boundaries in Robotics. In mobile robotics and autonomous
driving, environment representations are often grid based or voxel based, encoding per cell
occupancy probabilities |12, [18]. Our curve based construction offers a complementary
boundary centric view: local obstacle contours extracted from LiDAR or depth data are
represented as probabilistic polygonal curves. Each segment carries a thickness 7; that can
encode sensor noise in the normal direction, safety margins, or learned epistemic uncertainty.
The induced Gaussian Mixture then serves as a continuous, differentiable approximation of
an object avoidance map, enabling collision probability queries, risk aware trajectory op-
timization, and closed form propagation of uncertainty through linearized motion models.
Related work shows that Gaussian Mixture based occupancy models can achieve high in-
formation density and efficient communication |13, [14]. In contrast, our approach obtains
mixture parameters in closed form from geometric primitives, so the construction can be
implemented as a lightweight and reliable subroutine even on embedded platforms.

4.2.3. Trajectory Templates and Statistical Shape Models. Nominal motion patterns or shape
templates can be stored as plane curves and converted to Gaussian Mixtures using the pro-
posed construction. This yields compact, interpretable priors for Bayesian filtering, pre-
diction, or registration tasks: the component means encode the template geometry, while 7;
captures allowable deviations orthogonal to the nominal path or boundary. In shape analysis,
collections of annotated curves can be converted to families of Gaussian mixtures, opening
the door to mixture based statistical shape models and distance measures that respect both
geometric structure and spatial uncertainty.

4.3. Limitations and Open Problems. Several important issues remain open (look at
Remark and Remark in the present theoretical development. Addressing them
will require further work together with additional tools from functional analysis and geom-
etry. The purpose of the present paper is therefore more modest: to provide a clear and
tractable starting point, namely a direct mapping from deterministic plane curves with user
defined probabilistic polygonal representation of the plane curves to a Gaussian Mixture
representation.

4.3.1. Convergence and Consistency. The present construction is intended to be asymptot-
ically well behaved under refinement of the underlying discretization. In particular, under
suitable regularity assumptions on the curve, sufficiently fine partitions, and appropriate
control of the thickness field, one expects the polygonal approximation to converge to the
underlying curve, the covariance matrices to remain aligned with the local tangent and nor-
mal directions, and the induced Gaussian Mixture to converge, in a suitable weak sense, to

a probabilistic tubular representation of the curve.
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However, turning these informal consistency statements into rigorous mathematical results
is nontrivial. A satisfactory analysis would require precise assumptions, a careful choice of
convergence notion, and quantitative control of approximation error, for example in terms of
geometric error, probability metrics, or divergence based criteria. It would also be necessary
to understand how these questions interact with Remark [3.19, Remark singularities,
and self intersections.

For these reasons, a full treatment of convergence rates, consistency, and approximation
guarantees lies beyond the scope of the present paper. Since the more immediate challenges
are of an applied and computational nature, we leave a rigorous asymptotic analysis to future
work.

4.3.2. Ezxtensions Beyond Plane Curves. Although the present work focuses on plane curves,
the same ideas extend naturally to space curves and to surface in R3. In those settings,
Gaussian components would encode tangent directions together with uncertainty in the cor-
responding normal direction(s), suggesting probabilistic representations of higher dimen-
sional geometric objects. Developing these extensions in a mathematically satisfactory and
computationally effective way will be done in future works.

4.3.3. Need for a New Calculus. The present construction replaces a deterministic curve by
a Gaussian Mixture representation in the ambient space. While this yields an analytically
tractable probabilistic model, it also changes the nature of the object under study: instead
of working directly with a smooth parametrized curve or manifold, one works with a finite
mixture of Gaussian components. As a consequence, many classical tools from differential
geometry are no longer directly available in their standard form. In particular, notions such
as tangent bundles, connections, covariant derivatives, and Christoffel symbols are defined
for smooth manifolds and tensor fields, not for Gaussian Mixture representations.

This does not mean that the geometric information is lost; rather, it is encoded in a
different form through component means, covariance matrices, and mixture weights. De-
veloping a mathematically satisfactory framework that plays, for Gaussian Mixtures, a role
analogous to differential calculus on smooth manifolds therefore appears to be an important
open problem. Such a framework would ideally permit geometric notions such as curvature,
transport, and compatibility with local orientations and uncertainty to be expressed directly
at the level of the Gaussian Mixture representation. We leave the development of such a
calculus to future work.

5. CONCLUSION

We have developed mathematically explicit formulas to represent user defined probabilistic
polygonal of a plane curve by Gaussian Mixtures. Beginning with a reference user defined
probabilistic segment that has uniform uncertainty in the tangent direction and Gauss-
ian uncertainty in the normal direction, we derived its central moment matched Gaussian
equivalent in closed form and since affine transformation of a Gaussian random variable is
a Gaussian random variable with analytically calculable mean and covariance matrix; the
construction is generalizable for arbitrary user defined probabilistic segment. Consequently;,
each user defined probabilistic segment can be represented by a Gaussian component, yield-
ing a Gaussian mixture representation of the user defined user defined probabilistic polygonal

representation of the curve.
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In contrast to the classical parametrized formulation of plane curves, the resulting Gauss-
ian Mixture incorporates uncertainty at the level of the representation itself. The resulting
construction therefore provides a probabilistic description in which both the underlying curve
and the user defined uncertainty are encoded. This makes the framework a natural candidate
for applications in which geometric objects are observed, estimated, or manipulated under
uncertainty.

The examples presented in the appendix indicate that the proposed construction pre-
serves the shape of the original curve both locally and globally. In particular, ellipses that
are the representative of the covariance matrices and probability density function visualiza-
tions show that the constructed Gaussian Mixture preserve the directional structure and the
probabilistic nature of the user defined probabilistic polygonal representation of the curve.

More broadly, the present construction may be viewed as a first step toward analogous
representations for more general manifolds. Extensions to higher-dimensional curves and
surfaces appear conceptually natural, but, as indicated in Remark Remark [3.19, and
Section [4.3.1] they also raise substantial additional analytical, geometric, and computational
questions. In particular, as noted in Section much remains to be developed before a
satisfactory differential geometric framework for Gaussian Mixture representations can be
established.
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APPENDIX A. CANONICAL CURVE EXAMPLES, VISUAL CONVERGENCE, AND SPLIT

VIEWS

The primary purpose of this appendix is to document a broad set of canonical curve
examples and to show the behavior of the proposed geometric Gaussian Mixture construction
under successive refinement of the polygonal discretization.

In the main body (Figures|l|and [2)) we showed only the final Gaussian mixture probability
density functions for a selection of simple and more intricate curves. Here, we revisit each of
these curves individually and provide more detailed visualizations in a standardized format.

The appendix is organized example by example. For each plane curve, we include:

(1) a brief definition of the parametrization and its basic geometric properties;
(2) remarks explaining why the example is relevant for the present framework and what

qualitative behavior is expected as the number of user defined probabilistic segments
(and Gaussian Mixture components) increases;

(3) two figures:

(a) a convergence series showing the induced Gaussian Mixture for several values of
N on a common spatial scale;

(b) a split view in which the left panel displays the curve together with ellipses
that are the representative of the covariance matrices of the Gaussian Mixture
components, and the right panel shows the corresponding probability density
function heatmap.

The examples have been chosen to cover a range of topological and geometrical situations,
including smooth open curves, smooth closed curves, piecewise regular curves with corners,
non regular curves, and curves having singularities or self intersections. Taken together, they
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provide a qualitative picture of how the proposed representation captures local tangent and
local normal structure, singular behavior, global shape, and topologically disconnectedness
across different classes of planar curves.

A.1. Line Segment.

Definition A.1 (Line segment). Let vy, v; € R* A ||vg — v1]| # 0. The line segment joining
vy and vy 18 the curve

(A.1) a: I — R? t +— v + t(v1 — vg).
Since

(A.2) o/ (t) = vy — vy,

the curve has constant tangent direction and constant speed
(A.3) 1o/ ()] = [[vr — woll-

Its arc length is therefore
(A4) t= [l®lldt = for = wo.
I
Remark A.2 (Why this example). The line segment is the basic building block of the con-

struction. Fvery polygonal approximation consists of such segments, and each segment in-
duces a single Gaussian component via moment matching.
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Line segment

N=16

-1.0 -05 00 05
N=128

-1.0 -0.5 0.0 0.5

FiGure 3. Convergence of the GMM representation for the line segment, a
straight regular line segment from z; = (—1,—1) to z5 = (1, 1), as the number
of components N increases.
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0.5

0.0

—0.54

FIGURE 4. Split view for the line segment, a straight regular line segment
from z; = (—1,—1) to x5 = (1,1): cover of the curve by ellipses that are the
representatives of the covariances of the Gaussian components of the GMM
representation (left) and the corresponding GMM PDF heatmap (right).
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A.2. Circle.

Definition A.3 (Circle). Let r € Roq. The circle of radius r centered at zero is the curve

(A.5) a: [0,27) — R? t +— (rcost,rsint).
Its derivative is
(A.6) o (0,21) — R?, t — (—rsint, rcost)
and therefore
(A.7) ()| =7 forallte(0,1).
Thus the circle is smooth and regular, has constant speed, and its arc length is
(A.8) (= /27r &/ (t)] dt = 27r.
0

Remark A.4 (Why this example). The circle is the standard smooth closed curve with
constant speed and curvature. It tests whether the Gaussian mixture correctly represents a
closed shape with smoothly rotating tangent and normal directions.

Moreover, every simple closed curve is homeomorphic to the circle, making the circle the
canonical prototype of a closed one dimensional curve. Hence, if the Gaussian mizture can
accurately represent the circle and its smoothly varying geometric structure, this provides
evidence that the method can be extended to more general smooth closed curves.
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Circle

N=16

-10 -05 00 05 1.0 -0 -05 00 05 1.0 -0 -05 00 05 1.0
N=32 N=64 N=128

-1.0 05 0.0 0.5

FiGURE 5. Convergence of the GMM representation for the circle, a smooth
regular closed curve, centered at zero of radius » = 1, as the number of com-

ponents N increases.
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0.0

~1.04

-1.0 -0.5 0.0 0.5 1.0

FIGURE 6. Split view for the circle, a smooth regular closed curve, centered at
zero of radius » = 1: cover of the curve by ellipses that are the representatives
of the covariances of the Gaussian components of the GMM representation
(left) and the corresponding GMM PDF heatmap (right).
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A.3. Ellipse.

Definition A.5 (Ellipse). Let a,b € R.q. The centered ellipse with semiazes a and b is the
mapping

(A.9) a: [0,27) — R? t— (acost, bsint).
Its deriwative is the mapping
(A.10) o (0,27) — R?, t— (—asint, beost).
Hence
(A.11) I/ (t)]| = Va2 sin? t + b2 cos? .
Therefore the ellipse is smooth and reqular for all t € (0,27), and its arc length is
(A.12) (= /% o (t)]|dt = /% Va2 sin? t + b2 cos? tdt,
0 0

which in general does not simplify to an elementary closed form.

Remark A.6 (Why this example). The ellipse is a smooth closed curve without full rota-
tional symmetry. It checks whether the representation adapts to anisotropic geometry and
non constant first derivative while preserving local tangent alignment and global shape.
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Ellipse

0.0

—0.5

-1.0

1.0

0.5

0.0

—0.5

-1.0

FiGURE 7. Convergence of the GMM representation for the ellipse, a smooth

regular closed curve with semiaxes a
components N increases.
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1.0 1

0.5 1

0.0

—0.51

—1.04

FiGURE 8. Split view for the ellipse, a smooth regular closed curve with
semiaxes ¢ = 1.5 and b = 1: cover of the curve by ellipses that are the
representatives of the covariances of the Gaussian components of the GMM
representation (left) and the corresponding GMM PDF heatmap (right).
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A .4. Parabola.

Definition A.7 (Parabola). Let I = [tmin, tmax] C R. The parabola segment is the mapping

(A.13) a:l — R? t s (t, t2).
Its derivative is the mapping

(A.14) o T — R? t e (1, 2t).
Hence

(A.15) o/ (6)]| = VI + 42,

The arc length on I s

tmax tmax
(A.16) e:/ l@ldi= [ Vitatar.

tmin tmin

Remark A.8 (Why this example). The parabola is a standard smooth open curve with
nonuniform curvature. It illustrates behavior on an unbounded graph type curve (restricted
to a finite interval) with a clearly localized high curvature region near the verte.

Parabola
o =
ot (=3

o
o

N=32 N=64

-1.0 -05 0.0 0.5 1.0

N=128

Fi1GURE 9. Convergence of the GMM representation for the parabola segment
on I = [—1, 1], a smooth open graph type curve, as the number of components

N increases.
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-1.0 —0.5 0.0 0.5 1.0 -1.0 —0.5 0.0 0.5 1.0

FIGURE 10. Split view for the parabola segment on I = [—1,1], a smooth
open graph type curve: cover of the curve by ellipses that are the representa-
tives of the covariances of the Gaussian components of the GMM representa-
tion (left) and the corresponding GMM PDF heatmap (right).

A.5. Graph of a Function.

Definition A.9 (Curve Equivalent of Graph of a Function). For X = I,Y C R let the
mapping of interest be

(A.17) f: X =Y, t— f(t)

where I 1s an interval. The associated plane curve is the mapping
(A.18) a: I =Rt (t, f(1).

Its deriwvative is the mapping

(A.19) o I — R t— (1, f'(¢).
Hence

(A.20) l/ ()]l = I+ F @2

The arc length is
(A.21) e_/ua )|t = /\/1+f/(t)2dt.

Remark A.10 (Why this example). This example shows how a real valued function on an
interval can be interpreted as a plane curve through its graph. In this way, a deterministic
mapping t — f(t) is represented geometrically by the parametrized curve t — (t, f(t)),
which makes the Gaussian Mixture representation based on the user defined probabilistic
polygonal representation possible for mappings of interest where explicit mapping from x to
y 1s available.
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Measurement Curve

N=16
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N=32 N=128

FiGure 11. Convergence of the GMM representation for a bijective strict
monotone function, a smooth graph type curve on I = [0, 1], as the number of
components N increases.
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FIGURE 12. Split view for the nonlinear measurement curve, a smooth graph
type curve on I = [0, 1]: cover of the curve by ellipses that are the representa-
tives of the covariances of the Gaussian components of the GMM representa-
tion (left) and the corresponding GMM PDF heatmap (right).
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A.6. Mirrored S Shaped Curve.
Definition A.11 (Mirrored S Shaped). Let T € R, then the curve

(A.22) a: [-T,T] — R?, t > (t, tanh(—4t)).
will look like a mirrored S. Its derivative is
(A.23) o (=T, T) — R? t— (1, —4sech’(4t)),

and therefore

(A.24) lo/(6)]] = /1 + 16 sech(42).

Since the first component of o/ (t) is identically equal to 1, the curve is reqular for all t €
(—1,1). Its arc length is

T T
(A.25) (= / &/ (t)|| dt = / \/1 + 16 sech?(4t) dt.
-7 T
The second derivative is
(A.26) o [T, T) — R?, t — (0, 32sech®(4t) tanh(4t)).

Thus, the curve is smooth and reqular, with a central transition region near t = 0 where the
second derivative changes sign.

Remark A.12 (Why this example). This is a smooth open “Mirrored S Shaped” curve
with a strong central transition and flatter outer parts. It shows how the Gaussian mizture
captures smoothly varying tangent directions and curvature in a reqular graph type curve.
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N=16

Tanh Curve

-

-1.0 -0.5 0.0 0.5 1.0 -1.0  -0.5
N=64

00 05 10
N=128

0.5 1.0 -1.0 -05 0.0 0.5 1.0

-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0

Ficure 13. Convergence of the GMM representation for the mirrored S-
shaped tanh based curve, a smooth regular graph type curve on [—1, 1], as the
number of components N increases.
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FIGURE 14. Split view for the mirrored S-shaped tanh curve, a smooth
regular graph type curve on [—1, 1]: cover of the curve by ellipses that are the
representatives of the covariances of the Gaussian components of the GMM
representation (left) and the corresponding GMM PDF heatmap (right).
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A.7. Downward Logarithmic Spiral.

Definition A.13 (Downward Logarithmic Spiral). Let a > 0 and b € R_g, and let I =
[tmin, tmax] C R. The downward logarithmic spiral is the mapping

(A.27) a: I —R? t — (ae" cost, ae” sint).

Its derivative is the mapping

(A.28) o I — R? t — (ae”(bcost —sint), ae”(bsint + cost)).
Therefore

(A.29) o (t)]| = ae® V1 + B2

Hence the curve is smooth and reqular on I, and its arc length is
(A.30) (= /||o/(t)|| dt = av1+ b2/ebt dt.
I I

In particular, since I is compact and b € R_q, the curve is rectifiable.

Remark A.14 (Why this example). The downward logarithmic spiral is a smooth curve
with continuously rotating tangents and exponentially changing scale. It shows that the rep-
resentation handles rectifiable curves (infinite intervals but bounded arc length) and adapts
to strong variation in scale along the path.
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Logarithmic Spiral

N=64 N=128

FiGure 15. Convergence of the GMM representation for the downward
logarithmic spiral, a smooth regular curve with parameters a = 0.1, b = 0.2
on I = [0,67], as the number of components N increases.
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FIGURE 16. Split view for the logarithmic spiral, a smooth regular spiral
curve with parameters a = 0.1, b = 0.2 on I = [0,67]: cover of the curve
by ellipses that are the representatives of the covariances of the Gaussian
components of the GMM representation (left) and the corresponding GMM
PDF heatmap (right).
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A.8. Semicubical Cusp.
Definition A.15 (Semicubical Cusp). Let T € R.q. The semicubical cusp is the mapping

(A.31) a: [-T,T) — R?, tes (12, 17).
Its derivative is the mapping

(A.32) o [T, T) — R?, t s (2t,3t%),
therefore

(A.33) o/ (1)|| = V42 + 9t4.

The curve is reqular for t # 0 and has a cusp at t =0, where
(A.34) a'(0) = (0,0).

Its arc length is

1 1
(A.35) = / o/ (2)]| dt = / VA 1 9t dt.
-1 -1

Remark A.16 (Why this example). The cusp is the simplest example of a non regular curve
with one singular point. It shows that the Gaussian mizture construction remains meaningful
when the tangent direction is not defined at an isolated point. It also hints at the possibility
that the Gaussian Mixture construction can handle finitely many non regular points too.
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Cusp

Ficure 17. Convergence of the GMM representation for the semicubical
cusp, a non regular curve on [—1,1] with an isolated cusp at t = 0, as the

number of components N increases.
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FIGURE 18. Split view for the semicubical cusp, a non-regular curve on
[—1, 1] with an isolated cusp at ¢ = 0: cover of the curve by ellipses that are
the representatives of the covariances of the Gaussian components of the GMM
representation (left) and the corresponding GMM PDF heatmap (right).
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A.9. Cycloid.
Definition A.17 (Cycloid). Let r € Roq, tmin, tmax € R . The cycloid is the mapping

(A.36) o [tmin, tmax] — R?, t— (r(t —sint), r(1 — cost)).
Its derivative is the mapping

(A.37) o (tmin, tmax) — R, t— (r(l — cost), rsin t).
Therefore

(A.38) o/ ()| = 2r

sin{ = ]|.
2
The curve is reqular for all t € [tmn, tmax] \ {27k: k € Z}, and it has cusp points whenever

t = 27k lies in [tmin, tmax), Since then
(A.39) o' (2rk) = (0,0).

Hence its arc length is
t
in| — ||dt.
sm(2)’

tmax
(A.40) (= / 2r
tmin
Remark A.18 (Why this example). The cycloid combines smooth arcs with cusp singulari-
ties in a periodic fashion. It extends the single cusp example to a repeated pattern and shows
how the mixture handles alternating reqular and singular behavior along a trajectory.
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Cycloid

N=32 N=64 N=128

FiGURE 19. Convergence of the GMM representation for the cycloid, a curve
with cusp singularities and with the parameters r = 1,40 = 0, tinax = 27, as
the number of components N increases.
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FiGURE 20. Split view for the cycloid, a curve with cusp singularities and
radius » = 1 over one arch T = 2m: cover of the curve by ellipses that are the
representatives of the covariances of the Gaussian components of the GMM
representation (left) and the corresponding GMM PDF heatmap (right).
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A.10. Square.
Definition A.19 (Square). Let L € Ry, and

L L L L L L L L
(A41> U1 = <_§7_§> ) Vg = (57_§> 3 U3 = (E?E) ) Vg = (_§7§> .

The boundary of the axis aligned square of side length L centered at the origin is the closed
polygonal curve through the vertices vy, v, v3, vy, v1. A convenient piecewise parametrization
15 the mapping

( L L
—— 4+ Lt —— t 1
(-3+-3).  repa,
L L
55 Le-D), tel
(A.42) a: [0,4] — R?, t s <2 2

<§—L@—2)§), te 23]
\( L E_L(t—:a)), te[3.4)

279

Its derivative on each open subinterval is given by

(A.43) o (t) =
—L,0), te(2,3),
L(0,—L), te (3,4
Hence
(A.44) o' ()] = L

forallt € (0,1)U(1,2)U(2,3)U(3,4). Thus, the curve is reqular on each open edge, but it is
not differentiable at the corner parameterst =1,2,3 and at the identified endpoints t = 0, 4.
Its total arc length is

(A.45) (=% /k_1 lo/ ()] dt = 4L.

Remark A.20 (Why this example). The square boundary is already a polygonal curve. It
shows the special case where the geometric primitives of the construction coincide exactly
with the curve segments and introduces corners where the tangent direction jumps.
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Square Boundary
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FiGUure 21. Convergence of the GMM representation for the square curve,
a closed polygonal curve of side length L = 1, as the number of components
N increases.
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FI1GURE 22. Split view for the square boundary, a closed polygonal curve of
side length L = 1: cover of the curve by ellipses that are the representatives of
the covariances of the Gaussian components of the GMM representation (left)
and the corresponding GMM PDF heatmap (right).
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A.11. Astroid.
Definition A.21 (Astroid). Let a € R.g. The astroid is the mapping

(A.46) a: [0,27) — R? t— (acos’t, asin®t).
Its derivative is the mapping
(A.47) o (0,21) — R?, t— (—3acos®tsint, 3asin®t cost).
Therefore
(A.48) &/ (t)]| = 3a|sint cost|.
The curve is reqular for all
3

(A.49) te[0,27]\ {o, g,w, ;,%} ,
and it fails to be reqular at the parameter values

3
(A.50) te {O,g,ﬂ,gﬂw},
where
(A.51) a'(t) = (0,0).

These parameter values correspond to the four cusp singularities of the astroid. Its arc length
18

2m 2m
(A52) (= / o/ ()] dt = / 3 |sint cost| df = Ga.
0 0
Its image is a closed algebraic curve with four cusps located at
(A.53) (£a,0), (0, £a).

Remark A.22 (Why this example). The astroid is a closed curve with four cusp singular-
ities and high symmetry. It demonstrates how the Gaussian mizture captures repeated cusp
behavior and a non smooth closed shape with several sharp features.
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Astroid
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FIGURE 23.

Convergence of the GMM representation for the astroid, a

closed algebraic curve with four cusps and parameter a = 1, as the number of
components N increases.
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FIGURE 24. Split view for the astroid, a closed algebraic curve with four
cusps and parameter a = 1: cover of the curve by ellipses that are the repre-
sentatives of the covariances of the Gaussian components of the GMM repre-
sentation (left) and the corresponding GMM PDF heatmap (right).
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A.12. Cardioid.
Definition A.23 (Cardioid). Let a € Ryg. A cardioid may be parametrized by the mapping

(A.54) a: [0,27) — R?, t+— (a(2cost — cos(2t)), a(2sint — sin(2t))).
Its derivative is the mapping

(A.55) o : (0,27) — R?, ¢t (2a(sin(2¢t) — sint), 2a(cost — cos(2t))).
Using the identities

(A.56) sin(2t) = 2sint cost, cos(2t) = 2cos®t — 1,

we obtain

(A.57) a'(0) = (0,0).

Moreover,

(A.58) &/ (t)|| = 4a

o)

Hence the curve is reqular for all t € (0,2x], and it fails to be reqular at t = 0, which
corresponds to the cusp of the cardioid. Thus, the cardioid is a closed planar curve with a
single cusp singularity.

Remark A.24 (Why this example). The cardioid is a classical closed curve with a single
cusp. It bridges between smooth closed curves and multi cusp curves and shows how the
maxture handles a closed shape dominated by one singular point.
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FIGURE 25.

Convergence of the GMM representation for the cardioid, a

closed planar curve with a single cusp and parameter a = 1, as the number of
components N increases.
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0.0

FIGURE 26. Split view for the cardioid, a closed planar curve with a sin-
gle cusp and parameter a = 1: cover of the curve by ellipses that are the
representatives of the covariances of the Gaussian components of the GMM
representation (left) and the corresponding GMM PDF heatmap (right).
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A.13. Lemniscate.

Definition A.25 (Lemniscate). Let a € Ryg. A convenient parametrization of a lemniscate
type curve is the mapping

(A.59) a: [0,27) — R? t— (acost, asintcost).
Its deriwative is the mapping

(A.60) o (0,21) — R?, t— (—asint, acos(2t)).
Therefore

(A.61) o (6] = ay/sin® ¢ + cos2(21).

The curve is smooth on (0,2m). Moreover, since sint and cos(2t) do not vanish simultane-
ously, it is reqular on (0,2m). Furthermore,

(A.62) a(g) - a(%”> = (0,0),

so the image has a infinity shape structure with a self intersection at the origin.

Remark A.26 (Why this example). The lemniscate type curves introduce a self intersection:
different branches pass through the same point with different tangents. It shows how the
maxture represents multiple local directions via overlapping components at the intersection.
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Lemniscate
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FiGUurge 27. Convergence of the GMM representation for the lemniscate, a
smooth regular infinity shaped closed curve with a self intersection and with
the parameter a = 1, as the number of components /N increases.
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FI1GURE 28. Split view for the lemniscate, a smooth regular infinity shaped
closed curve with a self intersection and with the parameter a = 1: cover
of the curve by ellipses that are the representatives of the covariances of the
Gaussian components of the GMM representation (left) and the corresponding
GMM PDF heatmap (right).
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A.14. Rose.

Definition A.27 (Rose). Let a € Ry and let k € Z\ {0}. The (parametrized) rose curve
with parameter k is the mapping

(A.63) a: [0,27) — R? t— (acos(kt) cost, acos(kt)sint).
Its deriwvative is the mapping
(A.64)

o (0,27) — R?, t — (a(—Fksin(kt) cost—cos(kt) sint), a(—k sin(kt) sin t+cos(kt) cost)).
Therefore,

(A.65) o (D) = ay/k? sin?(kt) + cos? (k).

Since k* sin®(kt) +cos?(kt) > 0 for all t € [0,27), the curve is smooth and regular on (0,27).
The image of « is the classical rose curve. Its number of petals is:
o |k| petals if k is odd;
o 2|k| petals if k is even.

Remark A.28 (Why this example). Rose curves are smooth closed curves with multiple
petals and repeated structure. They test the ability of the mizture to follow many turns and
symmetries and to represent repeated passages at the origin.
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F1GURE 29. Convergence of the GMM representation for the rose curve with
parameters a = 1 and k = 5, a smooth regular closed curve with multiple self
intersections, as the number of components N increases.
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F1GURE 30. Split view for the rose curve with parameters a = 1 and k£ = 5, a
smooth regular closed curve with multiple self intersections: cover of the curve
by ellipses that are the representatives of the covariances of the Gaussian
components of the GMM representation (left) and the corresponding GMM
PDF heatmap (right).
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A.15. Yin-Yang Curve.

Definition A.29 (Yin-Yang curve). A simple analytic Yin-Yang type configuration may be
described by an outer circle, an inner divider curve formed by two semicircular arcs, and two
small “eye” circles, as illustrated in Figure[33.

The outer circle of radius one centered at the origin can be constructed by the curve

(A.66) Qout ® [0, 2] — R?, t +— (cost, sint).

The divider between the two halves of the Yin-Yang symbol is realized by two semicircles
of radius %, one centered at (0, %) and one at (0, —%), glued together at their endpoints on
the outer circle.

The upper inner semicircle (center (0, %), radius % ) can be constructed by the curve

3 1 1 1
(A.67) oy (g,g} — R?, t— (§cost, §+§sint> .
The lower inner semicircle (center (0,—31), radius 3) can be constructed by the curve
1 1 1
(A.68) _: (—g,g) — R?, t— (ﬁcost, —§+§sint) )

The two “eyes” are small circles of radius reye > 0, centered at the midpoints of the inner
semicircles can be constructed by the curves

(A.69) Qeyer: [0,27) — R?, t— (Teye cost, % + Teye SID t),
(A.70) Qeye,—: [0,27) — R?, t— (reye cost, —% + Teye SID t).

In the configuration shown in Figure[33, the eye radius is chosen such that the eyes lie strictly
inside the corresponding semicircles (i.e. 0 < Treye < %)

The complete Yin-Yang type boundary is the union of the boundaries of the outer circle,
the upper and the lower semicircles, and the two eyes:

(A.71) =T, Ul UT,, UT,.. UL

Qout Qeye,+ Qeye,— *

Remark A.30 (Why this example). The Yin-Yang symbol combines several circular arcs
into a compound boundary with nontrivial topology. It shows how multiple components can
be combined into a globally recognizable shape by the Gaussian mizture representation.
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YinYang

N=16

1.0

o

|
e
o

-1.0

-1.0 -0.5 0.0 0.5 1.0

-1.0 -0.5 0.0 0.5 1.0

-1.0 -0.5 0.0 0.5 1.0

FiGure 31. Convergence of the GMM representation for the Yin-Yang curve
configuration, a compound boundary composed of circular arcs with outer
radius one and inner semicircles of radius 1/2, as the number of components

N increases.
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FiGURE 32. Split view for the Yin-Yang curve configuration, a compound
boundary composed of circular arcs with outer radius 1 and inner semicircles
of radius 1/2: cover of the curve by ellipses that are the representatives of the
covariances of the Gaussian components of the GMM representation (left) and
the corresponding GMM PDF heatmap (right).
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A.16. Lissajous Curve.

Definition A.31 (Lissajous curve). Let a,b € Rog,p,q € N\ {0}, € R. A planar Lissajous
curve is the mapping

(A.72) a: [0,27) — R? t— (asin(pt + 9), bsin(qt)).
Its deriwvative is the mapping

(A.73) o (0,21) — R?, t — (apcos(pt +6), bgcos(qt)).
Therefore

(A.74) o/ (t)|| = \/a2p? cos2(pt + ) + b2q2 cos2(qt).

Hence the curve is smooth on (0,2m) and regular at all parameter values for which not both
cos(pt + d) and cos(qt) vanish simultaneously.

In the implementation, we use the special case
(A.75) a=p, b=g,

so that both amplitude and frequency in each coordinate are controlled by the same integer
parameters. The example used in the figures corresponds to p = 3, ¢ = 2, and § = 7/4.

Remark A.32 (Why this example). Lissajous curves are smooth closed curves with rich
oscillatory structure and multiple self intersections. They test how the mizture tracks strongly
oscillatory geometry and multiple crossings in a bounded domain.
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Lissajous

FiGure 33. Convergence of the GMM representation for a Lissajous curve
with parameters (a,b,p,q,0) = (5,3,5,3,7/4), a smooth closed curve with
oscillatory structure and multiple self intersections, as the number of compo-
nents IV increases.
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FIGURE 34. Split view for the Lissajous curve with parameters (a, b, p, q,d) =
(5,3,5,3,m/4), a smooth closed curve with oscillatory structure and multiple
self intersections: cover of the curve by ellipses that are the representatives of
the covariances of the Gaussian components of the GMM representation (left)
and the corresponding GMM PDF heatmap (right).

59

0.1

0.0



A.17. Archimedean Spiral.

Definition A.33 (Archimedean spiral). Let a,T € R.o. The Archimedean spiral is the

mapping

(A.76) a: [0,T] — R?, t— (atcost, atsint).

Its deriwvative is the mapping

(A.77) o: (0,7 — R?, t— (a(cost —tsint), a(sint + tcost)).
Therefore

(A.78) o/ (1) = av1+ 2.

Hence the curve is smooth and regqular on [0,T].

Remark A.34 (Why this example). The Archimedean spiral has linearly increasing radius
and near constant spacing between turns. It complements the logarithmic spiral and tests the

mizture on a spiraling trajectory with linearly growing scale.

N=4 N=8

Archimedean Spiral

FiGure 35. Convergence of the GMM representation for the Archimedean
spiral, a smooth regular spiral curve with parameter « = 0.1 on I = [0, 127],

as the number of components N increases.
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FiGure 36. Split view for the Archimedean spiral, a smooth regular spiral
curve with parameter a = 0.1 on [0, 127]: cover of the curve by ellipses that
are the representatives of the covariances of the Gaussian components of the
GMM representation (left) and the corresponding GMM PDF heatmap (right).

A.18. Superellipse.

Definition A.35 (Superellipse). Let a,b,m € Ryo. A centered superellipse (Lamé curve) is
the mapping

(A.79) a: [0,27) — R?, ¢t (a sgn(cost) | cos t*/™ b sgn(sint) | sin t|2/m).

Its derivative, whenever sint # 0 and cost # 0, is given by
2 2b
A.80 o/ (t) = [ =22 sen(cost) | cos t|2/ ™1 sint, — sgn(sint) |sint|*™ *cost ) .
g g
m m

Hence the curve is smooth on every open subinterval of [0,27) on which sint and cost do
not vanish. On any such subinterval, the curve is also regular provided o/(t) # (0,0). Its
image s a closed curve. For m = 2, it reduces to an ellipse, while for other values of m it
yields the family of Lamé curves. For m > 1, the image is convex.

Remark A.36 (Why this example). The superellipse generalizes both rectangles and ellipses
within a single parametric family. For m = 2 one recovers an ordinary ellipse, while other
values of m yield shapes ranging from rounded rectangles to diamond like forms. This makes
the superellipse a convenient testbed for the proposed probabilistic polygonal representation
when we wish to interpolate between polygonal like and smooth oval geometries within a single
parametric famaily.
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Superellipse

N=4 N=8

FiGUure 37. Convergence of the GMM representation for the superellipse,
a Lamé curve with parameters a = 2, b = 1, and m = 2, as the number of
components N increases.

62



0.0

—0.5 4

—~1.04

|
)

|
—_
o
-
)

FIGURE 38. Split view for the superellipse, a Lamé curve with parame-
ters a = 2, b = 1, and m = 2: cover of the curve by ellipses that are the
representatives of the covariances of the Gaussian components of the GMM
representation (left) and the corresponding GMM PDF heatmap (right).
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